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Abstract 

Following Baxter's method of producing (^-operator, we construct the Q-°P era t° r of the 
root-of-unity eight- vertex model for the crossing parameter r\ = 2rr ^ c with odd N where Q72 does 
not exist. We use this new Q-operator to study the functional relations in the Fabricius-McCoy 
comparison between the root-of-unity eight- vertex model and the superintegrable TV-state chiral 
Potts model. By the compatibility of the constructed Q-operator with the structure of Baxter's 
eight-vertex (solid-on-solid) SOS model, we verify the set of functional relations of the root-of- 
unity eight-vertex model using the explicit form of the Q-operator and fusion weights of SOS 
model. 
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1 Introduction 



It is known that the (zero-field) eight-vertex model was explicitly solved by Baxter [21 0] by the 
method of TQ-relation. Here the eight-vertex model is assumed with periodic boundary condition 
and even chain-size L, (this restriction applies throughout this paper unless otherwise stated). In 
fact there are many Q-operators in this context [8], and the first discovered one by Baxter in 1972 
[3] (valid for both even and odd chain-site L), denoted by Q72, was on the special "root of unity" 
case 

2Ni] 72 = 2m 1 K + im 2 K', i := y/-L 

where K,K' are the complete elliptic integrals, iV, 777,1, 777,2 are integers, and 7772 is the (crossing) 
parameter of the eight-vertex model. Using the (572-operator for 777-2 = 0, Fabricius and McCoy 
computed the degeneracy of eight-vertex eigenvalues, a property previously found in [THOU], then 
proposed the functional equations for the eight-vertex model at 7/72 in [231 123] as an analogy with 
the set of functional equations known in the iV-state chiral Potts model (CPM) [10]. The Fabricius- 
McCoy comparison between CPM and the eight-vertex model at 7772 was further analysed about 
their common mathematical structures in \29\ [30] , where the effort led to the discovery of Onsager- 
algebra symmetry of superintegrable CPM. However, by employing the Q72-operator in the study 
of the special " root-of- unity" eight-vertex model, the conjectural functional relations, strongly 
supported by computational evidences, are valid only in the cases for either even N or both N, 
777 odd in the above 7772 -expression ([23] (3.10), [24] (3.1), [26] (4.20)). Those cases do not include 
some "other" important root-of-unity type of eight- vertex model that appeared in a sequence of 
1973 papers [5JE1E] by Baxter in the study of the eight- vertex eigenvectors, where the parameter 
77 satisfies the following "root of unity 11 condition ([5J (9), [6J (6.8), [7J (1.9) or [9J (113)0 

2mK 

77 = ^ , N and m = odd, gcd(iV, 777) = 1. (1-1) 

In the present work, we study the eight-vertex models with the parameter 77 restricted only in the 
above case (jl.ip . which for convenience, will be loosely called the root-of-unity eight- vertex model 
throughout this paper. As noticed in [23], the Q72-operator and the Q-operator in [SJ [7] are 
different; in fact, it was shown in section II of [23J that Q72-operator does not exist when 77 satisfies 
(jl.ip . Thus, the quest for a proper Q-operator in accordance with "symmetry" of the eight- vertex 
model for the root-of-unity 77 in (jl.ip appears to be a compelling problem for its solution. 

The purpose of this paper is to construct a Q-operator of the eight-vertex model for the pa- 
rameter 77 in (jl.ip . and to conduct the functional-relation study of the eight- vertex model as a 
parallel theory of the CPM. In the present paper we provide a mathematical justification about the 
conjectural functional relations of the root-of-unity eight-vertex model by the explicit Q-operator 
constructed along the line, but not the same, as the (572-operator in [3]. Indeed, we produce the 
Q-operator by following the same mechanism in [32] of constructing the Q-operator of root-of-unity 

The letters N,L,m in this paper are the L,N,ui\ in [5j [Sj [7]. Here for simplicity, we consider only the case 
mi — in [5] [Sj [7] by easier calculations of Jacobi theta functions, (indeed no essential difficulties could arise for 
other cases by using the modified elliptic functions in [5] (10)). 
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six-vertex at the iVth root-of-unity anisotropic parameter q with odd N, which can be regarded 
as the vanishing elliptic nome limit of (jl.ip . Consequently, they share some remarkable qualita- 
tive and semi-quantitative resemblances in the functional-relation study of root-of-unity symmetry 
of the theory. Furthermore, our Q-operator (more precisely, the Q^-operator) coincides with the 
eight-vertex Q-operator recently found by Fabricius in [28], but with the different specified values 
for the free parameter, subsequently a subtle difference occurs in the expression of Q-functional 
equation about the related involution (see formula (3) and Section 3 in [28J, and (|2.19p (|2.22j) of 
this paper). One special character of the Q-operator in this work is that it possesses essential 
features appeared in Baxter's 1973 papers El [7J, where he invented the original techniques to 
convert the eight-vertex model to an ice-type solid-on-solid (SOS) model, and derived the equation 
of eigenvectors by a generalized Bethe ansatz method. It is worth noting that the three original 
papers by Baxter in 1973 subsequently laid the foundation to many exceptional developments in 
the theory of quantum integrable systems, among which were the restricted SOS-model [1], alge- 
braic Bethe ansatz of the eight- vertex model [31] y the theory of elliptic quantum group [T51 Q35] , 
and the recently developed analytic theory of functional relations in the eight-vertex/SOS-model in 
|llj . As the main observation of this work, we find a Q-operator of the root-of-unity eight- vertex 
model built upon the Baxter's eigenvectors in [6] with parameters s, t taking certain special values 
so that results in [SJ [7] can be employed in calculations when verifying the relation between the 
iVth- fusion operator and Q-operator, which serves as the Q-operator-constraint about the "root-of- 
unity" symmetry of the theory. In this way, by assuming (as to be the case by numerical evidences 
for small L) the non-singular property of a certain M(uo)-matrix (see (|3.26p in the paper), the 
whole set of functional relations can be successfully justified, much as seen mathematically in [32] 
for a similar discussion of the root-of-unity six-vertex model. As a consequence, the conjectural 
Q-functional relation raised in [23} [2^] is verified for the root-of-unity eight-vertex model with ry in 
(jl.ip . but using a different involution appeared in the formula. 

This paper is organized as follows. In section [51 we recall known results and conjectures in the 
root-of-unity eight-vertex model. We first briefly review some basic facts of the eight- vertex model 
in subsection 12.11 In subsection 12.21 we construct the fusion matrices from the fused L-operators, 
and derive the fusion relations of the eight-vertex model. In the root-of-unity cases, we discuss 
the relationship between TQ-, QQ- and Q-functional relations, in particular the equivalent relation 
between the QQ- and Q-functional relations. Section [3] contains the main results of this paper about 
the Q-operator and the functional relations in the root-of-unity eight-vertex model, as a parallel 
theory to the superintegrable CPM and root-of-unity six- vertex model established in [301 [32]. We 
first briefly summarize some main features in the eight-vertex SOS-model and fusion weights in 
[3 El [121 E], needed for later discussions. In subsection 13.11 by imitating Baxter's method of 
producing Q72-operator in [3], we derive another Q-operator, different from Q72, of the eight- vertex 
model with the parameter rj only in (jl.l|) . Using results known in the eight- vertex SOS-model, we 
then in subsection 13.21 show the validity of functional relations using the constructed Q-operator. 
We close in section [3] with some concluding remarks. 
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2 Eight-vertex Model and the Fusion Operators 



We start with some basic facts about the eight- vertex model in subsection 12.11 Then in subsection 
12,21 we construct the fusion matrix, and establish the fusion relations of the eight-vertex model; 
for the root-of-unity eight-vertex model, we discuss the relationship between TQ-, QQ- and Q- 
functional relations. 



2.1 Formalism and quantum determinant of the eight-vertex model 

First we review some basic notions in the eight-vertex model, (for more details, see any standard 
reference listed in the biography, such as [8], 134] and references therein). This also serves to establish 
the notation. 

The Boltzmann weights of the eight-vertex model are described by the homogeneous coordinates 
of an elliptic curve in the complex projective 3-space P 3 : 

E(=Ea,t): a 2 + b 2 -c 2 -d 2 = 2A(ab + cd), cd = 706, a : b : c : d 6 P 3 (2.1) 

where A,7 6 C. One can parameterize the above elliptic curve in terms of Jacobi theta functions 
of moduli k,k' = (1 — k 2 ) 1 / 2 with the complete elliptic integrals K,K': 

a = @(2r])@(v — rj)H{v + 77) = p(v)sn(v + 77), 

b = ®(2rj)H{v — 77)0(7; + 77) = p(v)sn(v — 77), 

c = H(2rj)@(v — 77)0(7; + 77) = p(v)sn(2r]) , 

d = H{2rj)H{v — rf)H(v + 77) = /j(7j)/csn(277)sn(7j — 77)sn(7j + 77), 

where H(v) = i?i(^,r),0(u) = t9 4 (^,t), p(v) = k\ 0(27?)0(7; - 77)6(7; + 77) with r = and 
the relations 

H(v - 2K) = H(-v) = -H(v), ®(v-2K) = ®{-v) = Q(v). (2.2) 

Hence H(v + 2Nr/) = H(v),Q(v + 2^77) = 0(t;) for 77 in (jl.ip . The parameters A, 7 in (|2.ip are 
given by A = = ksn 2 (2r/), ((43), (44) and (54) in [5j). The uniformizing variable 



v E C is called the spectral parameter. The elliptic curve E in (|2.ip is biregular to the complex 
torus of C quotiented by the lattice 4KZ + 2K'Z: E = C/(AKZ + 2K'Z). The quotient of E by 
the Z2-automorphism, v 1— > v — 2K, (corresponding to a : b : c : d 1— > —a : —b : c : d), is the torus 
C/(2KZ + 2K'Z). In this paper, we shall consider the order- N automorphism U of elliptic curve 
E with 77 in (jl.ip . and the elliptic function h(v) : 

h(v) = &(0)e(v)H(v), U:v^v-2t]. (2.3) 



Using the elliptic coordinates a,b,c,d in (|2.ip . one defines the L-operator of the eight- vertex 
model, which is the matrix of C 2 -auxiliary and C 2 -quantum space 



L(v) = r u ' u r u ' x (v), v e C, (2.4) 
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where entries Ljj are the C 2 -(quantum-space) operators 
Loft =1 I < L 



a 
b 



0,1 



d 
c 



L 



1,0 



c 
d 



i.i 



6 
a 



Equivalently to say, the eight-vertex weights are 



= R(-,-\-,-) =a, R(+,+\-,-) = R(-,-\+,+) = b, 
R(+,-\-,+) = R(-,+\+,-) =c, R{+,-\+,-) =R(-,+\-,+) = d. 



The L-operator (|2.4p satisfies the YB relation, 

R 8v (v' - v)(L(v>) g) 1)(1 g) L(v)) = (1 (£) L(«))(L(t/) (£) l)i? 8 >' - u), 

with the i?-matrix 



(2.5) 



(2.6) 



aux aux 



Rsv(v) 



( a(v + rj) d(v + if) \ 

b(v + 77) c(tj + 77) 

c(v + 77) b(v + 77) 

y g?(tj + 77) a(v + 77) J 



(see, e.g. [31] )■ Then the monodromy matrix of chain-size L, 

M{v) =Li{v) ®---® L l (tj) = 



C(u) £>(tj) 



again satisfies the YB equation (|2.6[) . The traces of monodromy matrices 

:= tr aux M(v) = A(v) + v € C, 



(2.7) 



(2.8) 



2 

form a commuting family of (g> C -operators, called the transfer matrix of the eight-vertex model, 
which commutes with the spin-reflection operator R and the S-operator: 



[T(v), S] = [T(v),R] = 0, where S = JJ of , R = JJ of 
As the i?-matrix i?s v at t> = — 277 is of rank-one: 



(2.9) 



1=1 



1=1 



R 8v {-2r]) = -sn(27?) 



/ \ 

1-10 
0-110 

\ J 

the quantum determinant of (|2.7p is defined by f|2.6|) with v' = v — 2r]: 

det q M(v) ■ R 8v (-2V) = RsA-2v)(M(v - 2 V ) ® aux 1)(1 (g)^ M(v)) 

= (1 ®aux M(v))(M L (v - 277) ® aux l)i? 8v (-277). 
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The above relation is equivalent to the following set of relations: 



B(v)A(v - 2rj) = A{v)B(v - 2rj), D(v)C{v - 2rj) = C{v)D(v - 2rj), 

A(v-2r ] )C(v)=C(v-2r ] )A(v), B(v - 2r])D(v) = D(v - 2 V )B(v), 

det q M(v) = D(v)A(v — 2rj) - C(v)B(v — 2r/) = A(v)D(v - 2r]) - B(v)C(y - 2rj) " 

= A(v - 2rj)D(v) - C{v - 2rj)B(v) = D(v - 2rj)A(v) - B(v - 2rj)C(v)\ 

with the explicit form of quantum determinant: det q M(v ) = h(v + rj) L h(v — 3r]) L . 
2.2 Fusion relation of the eight-vertex model 

As in the six- vertex model [32], we now construct the eight-vertex fusion matrices T^ J \v) for a 
non-negative integer J from the Jth fused L-operator L^ J \v), which is a matrix of C 2 -quantum 
and C^-auxiliary space defined as follows. Denote the standard basis | ± 1) of the C 2 -auxiliary 
space of L(v) in (|2.4p by x = |1), y = | — 1), and its dual basis by x,y. For non-negative integers 
m and n, x m y n is the completely symmetric (m + n)-tensor of C 2 defined by 

m + n\ ^ ^ ^ ^ . . 

]x y = x(g)-..<8>a;<8>y<8>...<8>y+all other terms by permutations, 



similarly for x m y n . For J > 1, the C -auxiliary space is the space of completely symmetric 

and the dual basis 



(J — l)-tensors of C 2 with the canonical basis e£ and the dual basis e£ • 



e (J) = ~j-i- k ^ e (^ = ( J -l- fc j^-i-V, fc = 0,...,J-l. (2.11) 

By the first and third relations in (|2.10p for L = 1, or equivalently, 

(x 2 \L(v)(g) aux L(v-2r])\x Ay) = (y 2 \L(v) ® aux L(v - 2rj)\x A y) =0, 

(x <g> y\L(v) ® aux L(v - 2r])\x Ay) = (y <g) x\L(v) ® aux L(v -2rj)\-x Ay) = \a\et q L(v), 

where x Ay = | (x (%> y — y®x), the following relations hold: 

<e£ 3 ] *\L(v) ® aux L(v - 2rj)\x ® y ) = (e^*\L(v) ® aux L(v - 2rj)\y®x) for k = 0, 1, 2. 

As a consequence for an integer J > 2, and Vi = x or y for l<i<J— 1, we have 



(e|j, J) *|L(v) &w • • • ®a« L(v - 2(J - 3)??) ® aux L(v - 2(J - 2)r?))|?;i (8) • • • <g> 
(e^, J) *|L(t;) (gw • • • ®aux L(v - 2(J - 3)r?) (gw L(t> - 2(J - 2)r/))|i> (Tl (8) • • • <g> w crj _ 1 ) 



(2.12) 



where < k < J — 1, and <t is an arbitrary permutation of {1, . . . , J — 1}. By using the ba- 
sis (pHlD of the C J -auxiliary space, the fused L*- "^-operator of eight-vertex model, L^ J '(y) = 

( L^(v) J , is defined by the following C 2 -(quantum-space)-operators L^(v): 

V ' / 0<fc,/<J-l 



T (J) / , _ (g| Ij^O ®aux L(v - 2rj) ® aux ■ ■ ■ ® aux L(v - 2{J - 2)rj)\e\ ') 

X\i=a h(v - {2i + l)r/) 
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For J = 3, by additive formulas of theta functions ([8] (15.4.25) (15.4.26)), 

e(u)Q(v)@(a - u)&(a - v) - H(u)H(v)H(a - u)H(a - v) = Q{Q)Q{a)Q{u - v)Q(a -u-v), 
H(v)H(a - v)Q(u)Q(a - u) - Q(v)Q(a - v)H{u)H{a - u) = ®(0)®(a)H{v - u)H(a -u-v), 

(ef ] *\L(v) ® aux L{v - 2r])\ef ] ) for < k, I < 2 are all divisible by h(v - r ) ). Indeed L^J(= L,fJ(v)) 
are expressed by 



Q(v + rj)H(v -3rj) J ' 



4 3 J = e(4,)f ^"^-^ V 

1,1 V " \ e(v-r])H(v- V ) J 

By this, all L^(v) in (|2.12p are elliptic functions without poles ([13] Lemma 2.3.1). Using L^ J \v) 
as the local operator, one defines the Jth fusion matrix T^ J \v) as the trace of the monodromy 
matrix: 

L 

T^(y) = tr c ./((g)4 J) («)), 4 J) (v) = L^ J \v) at site £, (2.14) 

which form a family of commuting operators of the quantum space <S> C 2 with T^(v) = T(v). 
One can derive the recursive fusion relation among T( J )'s as the case of six-vertex model (see, e.g. 
Sect. 3 of [33]). Regard the auxiliary-space tensor C 2 (g) C J as a subspace of (g> C 2 , the auxiliary 
space C J+1 as a subspace of C 2 <g> C J by identifying the basis elements: 

4S 1 ' = (4j ( J) * • 4 J i + (V) s ® 4 J) ) . * = -i, ■ ■ ■ , j - 1. 

Denote f[ J ~ 1] := x<8> - y <8> for < k < J- 2. Then e{ J+1) , fjf'^ form a basis of C 2 ® C J , 
with the dual basis e| J+1 ^*, ^* expressed by 



e k+i 



One has 



4' +1) («) = (ei J+1) ^ (J+1) (v)\4 J+1) ) = ^Ui ^'I^M »««. ^ " ^ " l)^)|e! J+1) ); 
(e (^+l)*| L (./) (w) ^ L(u _ 2(J _ l)^)!/^" 1 )) = 0; 

{f ( J -V*\ L (J)( v ) ® aux L ( v _ 2 (J - lMf^) = h(v - (2J - ^^(e^^lL^-D^lef* 7 - 1 )). 
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Then follows the recursive fusion relation by setting = 0, = h(v + r]) L : 

r( J )(u)r^(«-2(J-l)77) = h L {v-{2J-l)7 1 )T (J ~ 1 \v)+h L (v-(2J-3)r ] )T^ J+ ^(v), J > 1. (2.15) 

Since the chain-size L is even, by (|2.2p one finds the periodic property of : 

T{v - 2K) =T(v), T ( J) (v - 2K) = T {J) (v) . 

The eigenvalues of T(v) are computed in [21 HIE] using an auxiliary Q-matrix, i.e., a commuting 
family, Q(v) for v £ C, with [T(v),Q(v)] = 0, and the Baxter's TQ-relation 

T(v)Q{v) = h L (v - r])Q(v + 2t/) + /^(w + r/)Q(w - 2 V ), 

equivalently, 

T(v)Q{v) = h(v) L Q(U- x v) + hiU^v^QiUv), h(v) := h(v - r,), (2.16) 

where U is defined in f|2.3|) . By (|2.15p . (|2.16p and using an induction argument, one finds the 
T^Q-relation for J > 0: 

T( j )(tj) = Q{U- 1 v)Q{U J ' 1 v) Y, J k Zl (l(U k - 1 v) L Q(U k - 1 v)- 1 Q(U k v)- 1 ^ . (2.17) 
In the root-of- unity case (jl.ip . the relation (|2.17p in turn yields the boundary fusion relation: 

T {N+1 \v) = T^ N - l \Uv) + 2h{U~ l v) L . (2.18) 

Furthermore, it is expected that some Q-operator will encode essential features about the root- 
of-symmetry of the eight-vertex model, much as in the study of Onsager-algebra symmetry of 
superintegrable iV-state CPM in [30J . Parallel to the functional equation of the chiral Potts transfer 
matrix ([10] (4.40)), the root-of-unity Q-operator of eight-vertex model conjecturally satisfies the 
Q-functional equation ([23] (3.10), [M](3.1)): 

Q(Cv) = M Q(v) ^ ( h(U k v) L Q(U k v)- 1 Q(U k+1 v)- 1 J (2.19) 

where C is an order-2 automorphism of elliptic curve E commuting with U, and Mq is some 
normalized matrix independent of v. By (I2.17p . the Q-functional equation (|2.19p is the same as 
the Nth QQ-relation ( [24J (3.11), [30] (44), [32] Theorem 3.1) 

TW(u v ) = M^Q{Cv)Q{v), (2.20) 

which is equivalent to either one of the following QQ-relations: 

T^tUv) +T i ~ N - J \U J+1 v) = M 1 Q(CU J v)Q{v), < J < N. (2.21) 
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In the next section, we are going to construct a Q-operator satisfying (|2.20p with the elliptic 
automorphism C defined bj|§ 

C : v ^ v - 2K. (2.22) 

Remark. In the vanishing elliptic nome limit, K — > ^,K' — > oo, and the r] in (jl.ip tends to the 
iVth root-of-unity g for odd iV in the six-vertex model with the spectral parameter s as the limiting 
value of — e -57 ^. Then the automorphism (|2.22|) corresponds the s-involution, Cq(s) = —s, in the 
XXZ limit. The Q-operator of the six-vertex model at a such q, satisfying functional relations 
corresponding to (|2.19p - (|2,2ip with the involution Co, was constructed in [32J Theorem 4.2. 



3 The Q-operator and Verification of Functional Relations of the 
Eight-vertex Model at 77 = 

In this section, we discuss the functional relations of the eight-vertex model incorporated with 
the root-of-unity property. First we construct in subsection 13.11 the Q-operator of the eight- vertex 
model for the root-of-unity 77 (jl.ip following the Baxter's method of producing Q72 in [4J. The 
Q-operator obtained here differs from Q72, but will accord with the root-of-unity symmetry of 
the eight-vertex model in the sense that the set of functional relations is valid for this special 
Q-operator. Furthermore, the structure of the Q-operator can be fed into the scheme of Baxter's 
eight-vertex SOS model in the eight- vertex-eigenvector discussion in 0E1E]- In subsection 13.21 we 
give a mathematical verification about the conjectured functional relations. The methods rely on 
results in El [7] about the equivalence between the eight-vertex model and SOS-model, plus the 
study of fusion weights of the eight-vertex SOS-model in [12} 113] . which we now briefly summarize 
as follows. 

For the convenience, we introduce the vectors and covectors as in [6] (6.4): 

M = ( H(v) ) 

For s£ C and integers I G Z, we define the local vector in [6] (C.13): 

§i,i+n(=$i,i +tl (v)) = \s + 2lri + n(j]-v)), /z = ±l, (3.2) 
and the product-vector ([6] (3.2)) for a set of integers 1%, . . . with Z^ +1 — lg = ±1 for 1 < £ < L 

ij)(h, . . . , l L +i){v) = $ h ,i 2 ® $i 2 ,i 3 »■■■<» (3.3) 

In the study of eigenvectors of the eight-vertex transfer matrices, Baxter converted it to a 
SOS model [3 (H [7] so that the eight-vertex weights R(a, (3\A, /z) (|2.5p are changed to the SOS 
" lattice- weights" W(m, m'\l, I') by employing the local vectors $ mj / in (|3.2p through the relation 

J2R(a,P\\,n)(v)$ l , v (v') l3 z m , yl/ (v,v') fl = ^W(m,m'\l,l')(v)$ mim ,(v') a z m j(v,v')x, (3.4) 

(3,fi m 



(v\ = [@(v),-H(v)), veC. (3.1) 



2 Note that the automorphism C here differs from the C72 : v ^ v — \K' for the (572-operator in |24| . Hence the 
Q-operator in this paper carries a different nature from the Baxter's Q72 in [4]. 
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where a, (3,X,fi = ±1 , I, I', m,m' £ Z with \l — l'\ 
are the vectors^ 



\m — m 



\m 



\m 



l'\ = 1, and z. 



m,l 



Zi +1 j(v,v r ) = \s + v - v' + 2lr]), zi_ lt i(v,v') = \s - v + v' + 2lrf). 
Indeed, the Boltzmann weights W(m,m'\l,l') for integers m,m',l',l are zeros except A = m — I, 



H = m' — I', a = m' — m, (3 = V — I equal to dbl; and the non-zero weights are 



(3.5) 



W(l±l,l±2\l,l±l)(v) =^p, (A = M = a = /9 = ±l); 

W(l±l,l\l,l T l)(v) = hi '^^y\ (\ = » = -a = -P = ±l) 
W(l ± l,l\l,l ± l)(v) = h( \ltf^ ] \ (A = - M = -a = (3 = ±1), 

((C. 14) and (C30)-(C.33) of [6J, or (2.1.4a)- (2.1.4c) of psfl ). In the case (HI]), by using ([331), th e 
eight-vertex transfer matrix (|2.8[) transfers the vector ip(lx,... m (|3.3[) to a linear combination 

of product-vectors: 

L 

,m e+ i\k,k + i)(v)}ip(mi, . . . ,m L+ i)(v'), (3.6) 

m t 1=1 

where the summation runs over integers m/s with mi + i = mi =t 1, mg = l# ± 1 for all and 
/ L+1 - Z x = mL+1 - mi = (mod AT) ((1.5), (1.9) and (1.11) of [7\). 

For a positive integer J, one can derive the Jth-fusion weights, W^ J \m,m'\l,l')(v), of the SOS 
model such that W^ 2 ' (m,m'\l,l')(v) = W(m,m'\l,l')(v) in (|3.5p . Indeed, VK( J )(m, m']/, /')(w) are 
zeros except \W,fj,W = J — 1 — 2k for < < J — 1, and \a\ = \j3\ = 1, where A^ = m — I, 
^(J) = m ' — I' : \ = ui' — m, fx = I' — I: 



P 



I 


I 1 


m 


m' 



(J) 



a 



By formulas (2.1.16), (2.1.20) in p3j£| , the non-zero Jth-fusion weights are given by 
wW(l-l,l\l'-l,l')(v) 



wW(l + l,l\l' + l,l')(y) 
WV)(l + l,l\V -\,l')(v) 
WV){l-l,l\V + l,l')(v) 



h(s-K+(l+l'+J-l)r l )h(v+(l-l'-J+2)ri) 

h(2r))h(s-K+2lri) 
h{s-K+{2l-n { - J )+J-l)r))h{v+{n l > J )~J+2)ri) 

h(2r])h(s-K+2lri) ' 
h(s-K+(l+l'-J+l) V )h(v+(l'-l-J+2)r)) 

h(2ri)h(s-K+2lr]) 
h{s-K+(2l-^ J ) -J+l)r))h{v-(^ J ) +.) -2)r)) 

h(2n)h(s-K+2lrj) ' 
h({l'-l+J-l)rj)h(s-K+(l+l'+J-2)r)-v) 

h(2ri)h(s-K+2lr)) 
h({-^ J )+.J-l)-q)h(s-K+{2l-^ Js l+J-2)ri-v) 

h(2r])h(s-K+2lr)) ■ 
h({l-V+.J-iyq)h{s-K+(l+l'-J+2)r l +v) 

h{2T))h{s-K+2l7i) 
h(( l i < - J '>+J-l)r])h(s-K+(2l- f i<- J )-J+2)r]+v) 
h(2ri)h(s-K+2lri) ' 



(A« 
(A« 
(A« 
(AW 



^ J \a = (3 

^ + 2, a -- 

(J) 



-i); 



-P 



-i); 



2, a 



-P = l). 
(3.7) 



3 The zj_i,j here is in [6] (B.26) (C.13), which differs from [6] (6.5) by a factor 
4 The V^u'(o,6,c,d), u,A,£ in [13] are equal to W(a,&|d,c^ °- S " K 
5 The W (jr) (m,m'|Z, «')(«) here is equal to Wi,j-i{m,m' ,1' ,l\u) in [13]. 



^2 , 277, £ 2^ i here, respectively. 
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For the iVth " root-of- unity" rj in (jl.ip . as in (|3,8p . the Jth fusion matrix T^ J ' in (|2.14p is related 
to weights W^ J '(m, m'\l, I') through product-vectors in (|3.3[) by 

L 

T( J \v)4>(h,. . . , Il+xW) = W^(m e ,m e+1 \k, l l+1 )(y)W(m l} . . . ,m L+1 ){v'), (3.8) 

mi e=i 

the summation being integers mg's with mg + i = ± 1, mi — lg = J — 1 — 2fcg, < kg < J — 1, for 
all £, and Il+i — h = tul+i — mi = (mod N) ([H], p3] Theorem 2.3.3 ). Later in this paper, we 
shall work on T^ N ' with the variable evaluating at v — rj, then the corresponding SOS-weights in 
(|3.7p become 

W^(l - 1, i|Z' - 1, *')(« - 2r?) = (A^ = M (JV) , a = = 1); 

+ 1, ^ + 1, l')(v - 2 V ) = hJ ^^^^^ , (A™ = M (JV) , a = = -1); 

+ 1, - 1, !')(* - 27?) = ( A(7V) = ^ + 2, a = -/? = -1); 

^(1 " 1, ¥ + 1, *')(« - 2r?) = ^"fl^ (AW = M W " 2, a = -/? = 1). 

(3.9) 

Here we use the relation h(v + Nrj) = —h(v) by the condition (jl.ip on 77. 
3.1 The Q-operator of the eight- vertex model for rj = 2j ^- 

As the construction of Q72 in [3], we start with the S-, S-operator of C^-auxiliary and C 2 -quantum 
space, S = (St^OijgZ^, ^ = (Si,i)jj e Z N > where Zat = Z/NZ, and Sjj, are C 2 -operators. Here 
the C^-basis of the auxiliary space are indexed by Z^. The general forms of Qr, Qz,-matrices are 

L L 

Qr = tr C Jv((^)S^), Q R = tr c jv ((^) , where Sg, Sg = S, S at site £, (3.10) 
l=l l=\ 

with TQ/j = tr q2 ^ qn (®£ =1 Dg) , Ql?" = tr q 2 ^qx{®£=i U^), where Ug, = U, U at site £, and 
U, U are the matrices of C 2 ® C^-auxiliary and C 2 -quantum space 

U _ I -^o.oS io,iS \ q _ / SL ,o SL 0) i \ 
\ ^i,oS £i,iS y y SLi 5 o SL11 y 

The operator TQr, QlT will decompose into the sum of two matrices if we can find a 2N by 2N 
scalar matrix M (independent of v) such that 

M- X UM=^ °Y M- 1 UM=^? £j. (3.11) 

The above required form is unaffected by postmultiplying M by a upper blocktriangular matrix. 
Together with a similar transformation of S, we can in general choose 

M=( 7 f 5 t ), 5 = diapo, ■ ■ ■ ,5jv-i]. (3-12) 



/ 



A' 
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Hence 



M _1 UM — ( ^°' ^ ~~ ^ 1 > ^' L 0t0 SS — SLifiSS + L 0) iS — 6Li t iS 



The condition for non-zero Sj,-'s in above with vanishing upper blocktriangular matrix is ([1] 
(CIO)): 

/ adj — Sib, d — c5i5j 



c — ddiSj bdj — 5id 



Sij = 0, i,j G Z N , 



which in turn yields 

(a 2 + b 2 -c 2 - d 2 )5 l 5 j = ab(S 2 + S]) - cd{\ + S 2 S 2 ). (3.13) 



i 



If we set Si = k2sn(u), by (|2.1j) . then follows Sj = k2sn(u±2r]). For Si = sn(u), Sj = kisn(u±2r]), 
using the general formulae 

sn /4sn R sn(^sn D - e(0)e(A+B)ff (A-g)Jf(B-D) -, , 2 , p>„ nr „ n n _ e(0)e(A+B)e(A-g)e(B-g) 
snAsntf - snOsni^ - kS(A)B(B)e{C)e{D) > 1 fe snAsmtfsnC snU - e(A)e(B)6(C)6(D) ' 

when ^4 + = C + D, one can derive 

Si,j(= Sij(v)) = \u±(rj- v))Tij, nj = (r/j, 7fj), 

and the relations 

(L ,oSij)(u) - 5j(Li,oSij)(v) = h(v - v) e efu) v) Si,j( v + 2r ?)' 
^•(Li )0 Sij)(v) + (Li,iSij)(w) = h(v + r]) @ ®±i v) Si,j(v - 2r?), 

where h(v) is in (|2.3p . We choose s so that <5j = fc2sn(s + 2ir]),i £ Ztv, are iV-distinct diagonal 
entries of 5 in ([3TT21) . Ther§ 

s . (w) = f |* + 2»7 + (J v))Ti, 3 if J - i = ±1, (3 M) 

I otherwise. 

with the arbitrary parameters Tj The A, D in (|3.11|) are related to S by 

A( v ) = h(v - 2r ? )c|- 1 S(t; + 2r?)d, D(v) = h(v + 2r])dS(v - 2r ? )d" 1 ; 
where d is the diagonal matrix dia.[0(s), 8(s + 2rf), ■ ■ ■ , B(s + 2(N — l)rj\. This imply 
T(v)Q R {v) = h(v - 2 V ) L Q R {v + 2rj) + h(v + 2r 1 ) L Q R (v - 2rj). 

With the similar discussion for M _1 UM, the non-zero Sjj again yields the relation (|3.13p . For 

Si = k~2sn(u), Sj = k^sn(u ± 2ry), one arrives the expression 

S<j(= Sij(u)) = Tij(« ± (17 + v)|, fij = (TiJ;l,TiJ;2)*, 



6 The Si.j of (|3.14[1 here is equal to the (Sn)k,i of (22) in [28], where k,l,L and the parameter t correspond to 
i + 1, j + 1, JV and s — 77 in this paper. However in the discussion of QL-operator, there is a slight difference about 
the construction. Indeed, the Sjj of (|3.15[) in this paper differs from the (Si,)k,i in 28 (28) by the multiplication of 

( ^ ) ' = ^ L ^ kA ) ' ^ e identification of parameters: 3"= i + r\. 
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and the relations 

(S itj L Qj0 )(v) - 5i(S it jL lj0 )(y) = h(v + rj) ^ffi ~ 2r ?)> 
6j(S i7j L lfi )(v) + (SijL 1A )(v) = h(v - v) @ ®±l v) S l j(v + 2ry). 

We define the 5 in (|3.12p by iV-distinct numbers 5{ = k2sn(s + 2irj),i £ Zjv, for some s. Then Sjj 
are given by 

c n / nj(s + 2iri + (j - i)(r] + v)\ i£j-i = ±l, 

SiA v ) = { n . ( 3 - 15 ) 

I otherwise. 

and related to A, D in (|3.1ip by 

A(v) = h(v + 27?)cHS(v - 2r/)d, D(v) = h(v - 2r))dS{v + 2r ? )d" 1 , 

where d = dia.[6(s), 9(s + 2rj), • • • , Q(s + 2(iV - 1)77]. Hence 

Q L (v)T(v) = h(v - 2n) L Q L {v + 2t?) + /i(tj + 2t ? ) l Q l (tj - 2r/). 

To construct a Q(v) matrix from the Qr- and Q^-operator, as in [4J(C28) it suffices to find is, s 
in (I3T51) . (ETUI) so that 

Ql{u)Qr(v) = Q L (v)Q R {u), u,veC, (3.16) 

then define 

Q(v) = Q R (v)Q R (w)- 1 = QUvo^QUv), (3.17) 

where tj is a fixed value of v so that Qr(vo) and Ql(vo) are non-singular. Then Q(v)'s form a 
commuting family and satisfy the TQ-relation ( [4J (C28) (C37) (C38)). Note that by (l3TTjl . 

the operator Q(v), defined up to a normalized factor determined by tj , is independent to the choice 
of parameters Tij,T{j, regardless of the dependence of Qr,Ql on Tij,T{j. 

Lemma 3.1 The relation (pPTjj) is valid for (s,s) = (2K, 0), (0, 2K) in (fX75|) , ( fXI^D - 

Proof. Define the functions 

g(v) := H(v)e(v)(= ^h(v)), f(v) := ^ • 

Using the general formula ([6] (C.27)), 

@(2A)H(2B) - H{2A)Q{2B) = f(A + B)g(A - B), (3.18) 
one finds the following identity for s , s £ C and A, fi = ±1: 

(s + 2ir/ + A(?y + + 2/77 + ^(77 — v)) 

= /(^ + (» + i' + *¥)v + ^ BL )g( 1 ^ + (*-*' + ^)r? + ^±^). 

By using (|3.19p . the product of Sij(u), Sj'j/(u) in (|3.15p . (|3.14p is expressed by 



(3.19) 



S itj (u)Si> t f(v) = T ij jTi> tj >f(u,v\i,j;i , ,j')g(u,v\i,j;i',j'), 
f(u, v\i,r, i'J) := /(^ + (• + i' + t^)77 + CM^P'-Ot^ 
(/(u^li, /) := 5 (V + (< " Of + + O'-Ou+^-Ot; ; 
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The relation (|3.16p will hold if there exist auxiliary functions P(v,u\n),p(v,u\n) for n £ Z^r such 
that 

S it j(u)Si'ji(v) = p(v,u\i' + i)P(v,u\i' - i)S it j(v)Si>j>(u)P(v,u\j' - j)~ l p{v,u\j' + j)" 1 , (3.20) 

since the product Sj ,-(«)Sj/ j'(v) differs only by a diagonal gauge transformation when interchanging 
v and u. The condition (|3.20j) is equivalent to the following relations: 

g(u,v\i,j;i',j') = P(v,u\i' - i)g(v,u\i, , j')P(v,u\f -j)' 1 , j-i = -(f - i') = ±1; 
f(u,v\i,j;i',f ) =p(v,u\i' + i)f(u,v\i,j;i',j')p(v,u\j' j - i = f - %' = ±1. 

The conditions on g(u,v\i,j;i',f) yield just one condition for P: 

P(v,u\n + 2) g(%£ -(„+!>, + 

— — = — ^ — f° r n ^ ^N- 

P(v,u\n) g (S^L - (n + 1)77 + ^) 

Since iV is odd, the constraint P(v,u|n + 2iV) = P(u,u|n) in turn yields s — s = ±2K. Similarly, 
the conditions on f(u,v\i,j;i',f) yields the condition on p: 

p(v,u\n) f(^ + (n + l) V + V) f c7 

- - - for n E Zj\r, 



p(w,u|n + 2) /(£±£ + ( n + l)r? + !£=«) 

with s + s = ±2K. Then follows the values of s, s: (s, s) = (±2K, 0), (0, ±2K). S mce S^^S^ - are 
the same when adding ±4K on s, s-values, only (2i^, 0), (0, 2X) remains as solutions of (s, s) in our 
discussion. 

Remark. In the above proof, we indeed show the values of s~, s in Lemma [3. II are the only solutions 
such that the relation (|3.20[) holds. 

By Lemma |3.1[ there are only two sets of s,S- values in the discussion of Q-operator (|3.17p of 
the root-of-unity eight-vertex model. Moreover these two Q-operators can be converted from one to 
another by the substitution of variables: v i— ► v — 2K. So we need only to consider the Q-operator 
(|3.17p with Qr, Ql using the parameters 

a = 0, s = 2K. 

Hence the Sj/y, Sy in (|3.14p . (|3.15p are zeros except j — i = ±1, in which case^l 

S i;j {v) = \2i V + (j - i){ V - v))n d , Sij(v) = r itj (2K + 2i V + (j - i)( V + «)|. (3.21) 



7 Note that the free parameter of the Q_B-operator in this paper specifies at a value different from that in [28] 
Section 3. In this work, the values of s,s" for the Qr, (^-operators are distinct, unlike that in [28] (31) where the 
free parameter t for Qr, Ql takes the same value as in [8] (9.8.38)-(9.8.42) (also see the argument in [28] Section 4). 
Indeed, the equality (31) in [28] (with the same f-value) provides only a sufficient condition for the commutativity 
of the constructed Q-operator, which is still valid when the relation (|3.16p in this paper holds for two (not necessary 
equal) s,s- values. 
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The S-operator of the C^-auxiliary and C 2 -quantum space is now with the form 

/ S ,i ••• S ,jv-i \ 

Si,o Si ; 2 




S = (S 











>JV-2,iV-l 



\ Sjv-i,o • • • Sjv-i,iv-2 J 
similarly for S. By (|2.2p . the Q-operator satisfies 

Q(v - 2K) = SQ{v) = Q(v)S, 

where S is the operator in (|2.9j) . 



(3.22) 



3.2 Mathematical verification of functional relations in the eight-vertex model 

for r] - 2mK 



N 



Hereafter we set the parameter (s,s) = (0,2K) in Qr,Ql and local vectors in (|3.2p ; so Sj'j', Sj.j 
are given by (|3.2ip . In this subsection, we show the following theorem about functional relations of 
the root-of-unity eight-vertex model with rj in (|l.ip by using results in the eight-vertex SOS model 



Theorem 3.1 The Q-operator ( 3.1T§ defined by $3.21} satisfies the Q-functional equation {\2. 19} . 
equivalent to the QQ -relations, $2.20} or $2.21% with C in $2.22} . 

Associated to the local vector $1,1+^ in (|3.2p with s = 0, we introduce the local covector $i,i+/j, 
for l£Z,/i = ±1: 



$U+n(= $l,l+»( v )) = n,l+^K + 2/7/ + m(t? + v)\, = 2h(2v)hm+ ^ K) ■ 

By (pmjj) . one finds 



(3.23) 



$i+i,i ) K 2r l) VOl 

For a set of integers 1%, . . . , Il+i with — h = ±1 for 1 < £ < L, the product-vector in $3.3} (for 
s = 0), and the product-covector are expressed by 



(3.24) 



tpill, l L +i){v) = $h,i 2 {v) ® $ hM {v) ® ■ ■ ■ ® 

The condition (jl.ip guarantees the local vector and covector in (|3.23p unchanged when replacing / 
by I ± N. Hence for i,j € Zjv and j — i = ±1, we shall also write 



$i,i ■= *I,i+(j-i)(= $ 



$i,j '■ 



l'+i-j,l'J 
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where I = i (or I' = j) (mod N) if no confusion will arise. Similarly, one can write ■ ■ ■ ,il+i)(v) = 
iff(h, . . .,l L+ i)(v), ij)(ix, ■ ■ .,i L +i)(v) = i>(h, ■ ■ .,l L +i)(v) for i e G Z N and i e+1 - i t = ±1 (1 < 
£ < L) using an integer-representative l\ (or Il+i) of i\ {il+i resp.) in Z^r- It is expected that 
product-vectors (covectors) in (|3.24p for all Igs and v span the 2 L -dimensional vector space (g) C 2 

L 

(the dual space (g> C* resp.). Equivalently, product-vectors ^(Zi, . . . , Il+i){vq) for Zi G Zjv and 
le + i — It = ±1, span the vector space (8) C 2 for a generic «o; the same for (g) C* 2 spanned by 
ip(h, . . . , /l+i)(i'o)'s. We shall use vq to denote a general value of v. For simple notations, we shall 
also write these vectors at vq in ® C and ® C* by 

. . . := ^(/i, • • • ,Il+i)(v ), h(h, . . . ,h+i) ■= 4>(h, ■ ■ ■ ,Il+i)(vq), heZ N , (3.25) 

where I2, ■ ■ ■ ,Il+i are integers with lg + i — h = ±1 for 1 < £ < L. Note that the number of vectors 
v(li, . . . , Zx+i)' s is strictly greater than 2^. For a general vq, we consider the following linear 

L 

transformation of <g> C defined by the sum of products of vectors in (|3.25p . 

M(v ):= Yl E'^^'-^+lWl.-.M' (3-26) 
ii gZjv ^gZ 

Hereafter the "prime" summation means — = ±1 for 1 < £ < L, and l\ = Il+i (mod N). The 

operator M(«o) is expected to have the rank 2 N , hence to be a non-singular operator. Unfortunately 

I know of no simple way to prove this condition except checking cases by direct computations (some 

of which will be given in the appendix). Nevertheless we shall assume the non-singular property of 
L 

the <8> C -operator (|3.26p for the rest of this paper. 

We now choose some convenient parameter Tjj, Tjj in (|3,2ip to represent the Q-operator. 
Denote by Q R , Q L the operators in (|3.10p using the following Tij and %j: 

n,j = ®i,j(vo), n,j = n,j®h,i 2 (v ) (j-i = ±l) 

where rjj is defined in (|3.23|) . This means the non-zero S° ■ and S^- in (|3.21|) are 

S?» = *ij(«)^-(«o), %(v) = $ lula (v )$ iJ (v), (j-i = ±l). (3.27) 
In particular, the Q operator in Theorem 13.11 can be expressed by 

Q(v) = QtoQ^o)- 1 = QKvor'QUv). 

In order to prove Theorem 13 .1\ we need only to verify the relation (|2.20p . which will follows from 
the equality 

T^(v-2 V )Q R (v ) = Q° L (v-2K)Q R (v), v G C, (3.28) 
with M = Q° (t-o)" 1 in (I23UI) . 

Lemma 3.2 Lei $ij{v), &e f/ie /oca/ vectors in l\3.23\) . andW^ N \m,m'\l,l'){v-2r]) the Nth 

fusion weights atv — 2r\ in (jg.gp . Then for m,l G Z, i, i' G Z^v suc/i i/tai A^(:= m—l) = N— l — 2k 
for some < k < iV — 1, and m = i,l = i' (mod iV), i/ie equality 

W ( N \m, m + A|Z, J + /i)(t; - 2??) = $ iii+A (u - 2#)$ iV+/1 (iO 

/10/ds for A, /i = ±1. 
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Proof. For £ Zjv and A, [i = ±1, by (|3.19p . one writes the product &ij(v — 2K)^ii ji(v) in the 
form 

$i,i+\(v - 2K)$ i/jil+lx (v) = r iji+ x(2ir} + A(r? + v)\2i'rj + ,14(77 - t>)) = r M+A 77J i; i_i'( A > Mi ^ 

where the functions Wi- n {\, fi;v) for i,n£ Zjv, A,/x = ±1 are defined by 

2 j . A + /i A — A — u . A + /x 

w 4;n (A, /x; u) = — — — + (2? - n + — ^— )r? + — ^— «)ft((n + — ^— )?? + — ^— u). 

Comparing the values in ([3.90 with — 2K)$ii ji(v) with j = i + \, j' = i' + /i , we find 

_ _ ljZ /) (u _ = n-MWi_i, A w(i, i;«) = - 2^o^ )f / +1 (w), 

(Z - 1 = i, Z' - 1 = AW = m (JV) , a = /? = 1), 
W W(l + 1, + _ 277) = n+l > l«>j + i,Aw(-l J -1; = - 2 J ST)^y_i(«), 

(Z + 1 = », Z' + 1 = i'; = fj,W,a = /3 = -I), 
W (N)y + lt m> _ ! ^ _ 2r?) = n+M «; I+1)AW (-1, 1; v) = h,i-i(v - 2K)$ i , ti ,+ 1 (v), 

{1 + 1 = i, V- 1 = i'; AW = m (2V) + 2, a = -p = -1) 
W W(l - lj\l> + i 9 Z/)(„ _ 277) = n-i^j^Cl,-!;^ = - 21f)* f , )i ,_ 1 (t;), 

(Z - 1 = i, Z''+ 1 = i'; AW = m (2V) - 2, a = -/? = 1). 

Then follow the results. 

We now show the relation ([3.280 . Using ([3.270 . one can express Q%(v) and Q^(v) in terms of 
product-vectors and covectors in ([3.240 and ([3.250 : 

Q» = JX&^^PlAi* ■ ■ ■ ^.)(») 

= E he z N EUz ^(h,h, lL+i){v)h(h,l 2 , h+i); 
QiM =S 1(e z, )lir S,A 3 ---sl !l+1 )M 

= EmxeZjv E^eZ u ( mi ' m2 ' ' • • ' m L+ i)$(m 1 ,m 2 , m L+1 )(v), 

with the prime summations as before, i.e., — Z^,m^ + i — = ±1 for 1 < £ < L, and Zi 
/ / . 1 . in = rriL+i (mod N). By Lemma l3.2[ the vectors in ([3.240 has the following product value: 

L 

when mi — h = N — 1 — 2k for some < k < N — 1. Using ([3.290 . one finds 

Q£(t; - 2K)Q%{v) = Z he Z N T! miMe7 > Olti W( N \m e ,m £+1 \k,l e+1 )(v - 2 V )}x 

v(mi, ... , mL+i)h(h, k+i)- 

The vector value of T^ N \v — 2r/)Q ( j i (vo) can be obtained by the relation ([3.80 for J = N: 



52 h eZ N KeZ T(N) (v ~ 2t?)V(/i, ■ • • , l L+ i)(voMh, l L+1 ) = 
EzxeZjv £! <>m<e z{n£=i W (N \m e ,m e+1 \l e , l e+1 )(v - 2rj)}ip(m 1 , . . . , m L+1 )(v )h(h, l L+1 ), 
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which is the same as (|3.30p by definition of v(mi, . . . , jti^+i) in f)3.25|) . This in turn yields the 
equality ([338]) . hence follows Theorem ED Note that by (I3T25D . M" 1 = Q° L (v )(= Q R (v )) in 
(|2.20p is equal to the linear transformation M{v$) in (|3.26p . 

L 

Denote Sr the spatial translation operator of <8> C , which takes the kth column to (k + l)th 
one for 1 < k < L with the identification L + 1 = 1. One has 

S R tp(l 1 ,l 2 , Il+i)(v) = ip(lo, h, ■ ■ ■ , h)(v), S R v(h,l 2 , h+i) = v(l , h,..., l£), 
ipiluh, Il+i)(v)S r = 4>(l 2 , h,---, Il+2)(v), h(h,l 2 , Il+i)Sr = h(l 2 , h,..., h+2), 

(3.31) 

where 1$ := l\ — + II, Il+2 '■= Il+i + h — h- By (|3.29j) . Sr commutes with Q R (v), Q° L (v), and 
M(vo), hence 

[Sr,Q(v)}=0. 

4 Concluding Remarks 

By a similar method of producing (572-operator in [3], we construct another Q-operator, different 
from Q72, of the eight- vertex model at the root-of- unity parameter r\ in (jl.ip for the functional- 
equation study of the eight-vertex model, as an analogy to functional relations in the superintegrable 
A^-state CPM. The Q-operator in this work possesses a structure compatible with the Baxter's eight- 
vertex SOS model in 0E1E]- By this, using an explicit form of the Q-operator and fusion weights 
of SOS model in [12\ I13j . we provide a rigorous mathematical argument to show the functional 
relations holds under the conjectural non-singular hypothesis (supported by computational evidence 
in cases) about the operator (|3.26p . The result could improve our understanding about the newly 
found " root-of-unity" symmetry of the eight- vertex model [HI [161 1231 [Ml ESI [213 [27] . In this paper 
we study the symmetry of the eight-vertex model by the method of functional relations, which 
has been the characteristic features in the theory of CPM (see, e.g. [21[TUj and references therein). 
Together with results previously known in the superintegrable CPM and the root-of-unity six-vertex 
models [291 EH EH E21 [33], the conclusion derived from this work has further enhanced the "universal 
role" of CPM among solvable lattice models in regard to the symmetry of degenerate eigenstates. 
Although the analysis is done on the case rj in (|1.1|) here, results obtained in [231 IM1 EZ] for other 
root-of-unity cases strongly suggest that the analogy can be extended successfully to include all 
cases in the eight-vertex model with " root of unity" parameter 77. Further progress related to the 
functional relations of the theory will enrich our knowledge about the symmetry of lattice vertex 
model, and also serve to demonstrate the universal character of CPM. 

In this paper, we study problems in the root-of-unity eight-vertex model by far involved only 
with functional relations and the Q-operator. However the quantitative nature of the Q-operator 
in our context depends on the choice of vq in (|3,27p in performing some explicit calculations. A 
convenient t>o has not been found yet, nor the suitable expression of Q-eigenvalues as those for 
Q72-operator in [23] (2.22)-(2.25). These works remain to be done. Nevertheless, it is suggested by 
results obtained in the six- vertex model [HI [T71 [201 Ell E21 [33] that the understanding of symmetry 
nature of the eight- vertex model should also be related to the study of degenerated eigenstates using 
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the evaluation function in [13 [16], and the elliptic current operator recently appeared in [27j . The 
connection with the evaluation function is expected to be found because the better understanding 
of the symmetry properties depends on it. A process along this line is now under consideration, 
and further progress would be expected. 
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Appendix: Computation of the M(i>o)-operator 

In this appendix, we provide some computational evidences about the non-singular property of the 
operator M(vq) in (|3.26p . By (|3,3ip . M(vq) commutes with the spatial translation operator Sr. 
We shall decompose M{vq) as the sum of operators of Sij-eigenspaces so that one can perform the 
computations on each factor component for cases with small L. For simple notations, we denote 

L L 

2 T7-* /~i2* 



and write the standard basis elements of V and V* by 

,a L ) := <S>i\ai) G V, (ai, ■ ■ ■ , oil] ■= ®i{at\ G V*. 



2-n-ifc 



Let Vk be the Sfj-eigenspace of V with the eigenvalue e l , hence V has the 5R-eigenspace decom- 
position : 



L-l 



V = Y J V k . (Al) 

fc=0 

For i G Z^r, and \i£ = ±1 for 1 < £ < L with J2e=i Pi = (mod N), we denote 

ip[i; Hx, . . . , H L ](v) =ip(l 1 ,l 2 ,--- Jl+i)(v) G V, 
■ ■ -,vl}{v) = ^(li,h, • • • Jl+i)(v) G V*, 

where l\ = i (mod N), and Z^+i — le = fi£ for 1 < I < L. As before, is the space of A^-cyclic 
vectors w = EjgZjv w i\ ; ')i an d C^* the space of dual vectors w* = Yli£Z N w i (*!■ ^ e define 

iplp,!, . . . , H L ](v) := EieZ JV V , [«;/^i ) --- ,»l](v){i\ G V ® C^*, 
IM L ](v) :=£ ieZ J*'}#; Ml, •••,/-*) G C N ®V*. 
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When v = v , one has v(h, . . . , l L+ x) = ip{h, . . . ,Il+i){vq) and h(h, . . . , l L +i) = ip(h, ■ ■ ■ , Il+i)(v ) 
by (|3.25p ; and correspondingly, the vector v(i; fii, ■ ■ ■ , (i£)i covector h(i; fii,... , (i£)i an d v((ii, . . . ,(il) £ 
V<8> C N *, h{(n, . . . , (i L ) e C N ®V*. For (i e = ±1 (1 < £ < L) with Y.iPt = ( mod N )> we define 

Qr\mu ...,hl] = T, ie z N #; mi> ■ ■ ■ i ml] MM*; mi, • • • , m] = ■ ■ ■ , ml] M%i , ■ ■ ■ , ml], 
Q°[mi, • • • ,ml] = EieZjv u [*;mi>- • ■ >mz]#;mi> • • ■ ,ml](v) = v[mi> . . . ,/ZL]#ii, . . . 

where each second expression in above is given by evaluating covectors of C^* on C^- vectors. By 
(|3.3ip . one finds 

SrQ r \hi, ■ ■ .^lI^Sr 1 = Q?j[/i2, • • .,hl+i](v), SrQUh!, . . . 3 /X£,](u)5^ 1 = Q° [fi 2 , • • • ,/U L +i](w), 

where (1l+i '■= Ml- Consider the group (»Sr) generated by Sr, which acts on basis-vectors \/ii, . . . , /i^) 
with fJ>e = (mod iV). Denote by the set of (Sfl)-orbits, i.e. the elements o = (5r)|//i, . . . , (i£). 
Define 

Q^o(«):= E QrW---^l](v), Q£»:= £ QSk-.* 
Then Q , Q° commute with 5# and 

Q» = E Q£(») = E Qio(*)- 

We now express in terms of the vector-decomposition in (jAip . Assume o = (Sr)\(j,%, . . . , (J-l), 
and let L Q be the positive divisor of L such that (S R °) consists of all elements in (Sr) which fix 
\Hi,...,(il}- Then (ie+L = (it for all £, hence E/feo 1 Mfc = T Efc=o Mfc = (mod AT), which implies 
S R tp[i;(ii,... ,hl](v) = ip[i;(J,i,...,(J,L](v). Denote by ip[i; m, . . . , fi L ] k (v) the V fc -component of 
tp[i; (ii,... ,(1l](v) in (jAip . and define 

V>[mi, . . .,(i L } k {v) = E ^[*;Ml> • • • > Ml>]fc( w )(*l G ^ ® C^*. 
ieZjv 

Then /ij, . . . , (iL\k{v) = except k = a multiple of therefore 

Lo-l 

^[i;Mi,---,Mi](«) = E #;Mi,--- ,MzJm(«)- 

Lq 

k=0 

The same statement holds when replacing rp by ip . Hence 

^[m, . . .,hl](v) = Efeo 1 ^[mi, • • V>[mi, • • • ,ij-l](v) = Efeo 1 ^[mi> • • -iHl]u(v), 

Lq Lq 

V[fll, . . . , (11] = Efc^O 3 ' V \P-U ■ ■ ■ , ^L\kk, h[(ll,...,(J, L ] = Efeo 1 ,^L\kk- 

By 

QPrM = £™=o S%Q R [(ii, . . .,(i L }(v)S R m , f 

2j 1 2irim{k — k ) 

^rQ/JMI, • • • ^lIMV" = Efc,°fc~=0 e E ° ^[Ml, • • • ,VL]kL(v)h[(li, ...,fl L }kiL, 

Lq Lq 
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one finds 

L -l 

Lq Lq 

k=0 

Similarly, a (v) = L Q J^kS) 1 v [^i^ ■ ■ ■ > / u l]mV'[a*1) • • • ; ^l\ml (v). Set v = vq in the above Q R (v), 
then follows 

io-l 

Af(wo) = ^f( u o)o, M(u ) o = y_\ v ^ 1 ' ■ ■ ■ ^L]kLh[fii, . . . ,fJ, L ]kL. (A2) 

As the vector and covector in (13. ljl are related by \v) 1 = (— v\a x , one finds 

r i - fll ,..., f , L 'i/j[r,ni, ■ ■ . = $[i;ni, ■ ■ .,hl](v)R, 

where R is the spin-reflection operator in (|2.9p . and rj ;Mlr .. )Ati = n&=i r k,k+i w hh = i + X)fc=i Mifc- 
Hence 

r / ii I ..., w; V[A*i> ■ ■ ■ > = $/*i> ■ ■ ■ i 

where r^,.,.^ = J2 i£ 2, N r i;Mi,— :W-N)(*I the n on-degenerate diagonal matrix of C^. Note that 
r fi 1 ,...,^ L = r At2,-,/it+i ' w hich depends only the (Sjj)-orbit o of |/ii, . . . , /i^). We shall also write 
r o = r W) .„ )W . Then M(t>o) is expressed by 

Lo-l 

M(«o)o = io V ^[yui, . . . ,^ijfci(wo)ro^|/ti, • • ■ , Hl] m (-v fR. (A3) 

Lq Lo 

k=0 

Since R commutes with Sr, the above summation provides the decomposition of M(vq) on sub- 
spaces VkL. 

We now use the formulas (1A2|) . (|A3|) to determine the non-singular property of M(vq) for L = 
2, 4, where Yli fJ-l — (mod N) is equivalent to = 0. For convenience, we denote 

Hi(v) := H((2i + l)ri + v), @i(v) :=e((2i + l)r] + v), ieZ N . 

Then Hi{—v) = —H-i-\{v) and @i(—v) = 0_i_i(u). For L = 2, O consists of one (5i?)-orbit 
o = { 1 1, —1), | — 1, 1)} with L Q = 2, and the decomposition V = Vo + V\ of (IA1D is given by 

V = C|l,l)+ C|- 1,-1)+ C(|l,-1) + | -1,1)), Vx = C(|l,-l)-|-l,l)). 

With (fix, H2) = (1, —1), one has 1, — l}(v) = ip(i + + l)(w), equal to v)Hi(v)\l, 1) + 
Hi(-v)@i(v)\l, -1) + &i(-v)Hi(v)\ - 1, l) + @i(-v)ei(v)\ - 1, -1). Using the equalities (by (pTTHjl ) 



+ ei(-«)H,(t,) = 2fe((2 g;j^r i " ) ■ 



we find ^[z; 1, —1] = 1, — l]o + 1, — l]i with 
#; 1, -1] («) = ^(-t;)^(t;)|l, 1) + e^G^I - 1, -1) + ^gff^ Gl, -1) + I - 1, 1)), 

" 2i+l)ri-K)l ' 

e(o)/i(^o 



#;i,-i]iW= ?i((g g^fe# M (|i ) -i)- l-i.i))- 



21 



Hence ^[1, -l](v) = ^[1, -l] (u) + ^[1, -l]^) where ^[1, -l} k (v) = E ieZjv #5 ^ ~Mv)(i\ for 
jfe = 0, 1. By dH]) and (|A3l) . 



M(v )R = 2 V[l,-l]jfc(^oW[l,-l]jfc(-^o) t = 2 ^(-ljVll.-lJfc^WIl,-!]*^)*, 

fe=0,l fe=0,l 

where r = EjgZjv r M+i r *+i>*H)(*l - ^he n on-singular M(i>o) is equivalent to the non-degenerate 
bilinear form ^[1, — i\k(vo)rip[l, — l]fc(uo)* of 14 f° r fe = 0, 1, which is obvious for k = 1. For = 0, 
l]o(fo) defines three linear independent iV-cyclic vectors, then by the non-zero entries of r, 
follows the non-singular M{vq)\v q . 

We now consider the case L = 4, where the decomposition V = E&=o Vfc i n is given by 



(A4) 



where 



V = Cv + Cv' + Cx + Cy + Cw + Cu , V\ = Cxi + Cyi + Cm, 
V 2 = Cx 2 + Cy 2 + Cwi + Cu 2 , F 3 = Cx 3 + Cy 3 + Cu 3 , 

v = |l, 1,1,1), v' = | - 1,-1,-1,-1), 

W m = ELoC-l)" 1 "^!^ "li 1> -l>i Un = ELo ^1, 1, "1> "I), 

for < n < 3, m = 0, 1. The transport of the above basis elements, denoted by v*,v*, x*,y*, 
and u* , form a basis of V*. The set O in (|A2|) consists of two (5'fl)-orbits: 

oi= {|1, -1,1,-1), | -1,1,-1,1)}, L Q1 =2; 
o 2 = {|1,1,-1,-1), | -1,1,1,-1), | -1,-1, 1,1), |1,-1,-1,1)}, L 02 =4. 

For the orbit Oi represented by |1, —1, 1, —1), one has ifi[i; 1, —1, 1, — l](v) = ip(i, i + + l,i)(v) 
( = ip(i, i + i)(v) ® ip(i, i + 1, i)(v)), which is equal to 

H^vfHii-vfv + e i (v) 2 e i (-v) 2 y' 

+H l (-v) 2 H l (v)Q l (v)(\l, 1, 1, -1) + |1, -1, 1, 1)) + H % {-v)H % {v) 2 @i(-v)(\ - 1, 1, 1, 1) + |1, 1, -1, 1)) 
+H l (-v)Q i (-v)Q l {v) 2 {\l, -1, -1, -1) + | - 1, -1, 1, -1)) 

+H l (v)e l (-v) 2 e l (v)(\ - 1, i, -l, -l) + 1 - 1, -l, -l, i)) 

+H l {-v) 2 Q i (v) 2 \l, -1, 1, -1) + H t (v) 2 e t (-v) 2 \ - 1, 1, -1, 1) + Hi(-v)Hi(v)ei(-v)ei(y)u . 
In the basis in (|A4|) . one finds ip[i; 1, —1, 1, —1] = ip[i; 1, —1, 1, — l]o + 1, —1, 1, — 1]2 where 
#; 1, -1, 1, -l]o(u) = H^vfHii-vfv + BiivfQii-vfy' 

' 2 

H 2 yo 

+ g<( -^e < M»+H < M'e < (-,)» Wo + fl -. ( _ i;)fli(t>)e . ( _ t>)e . („)„„. (A5) 
#;1,-1,1,-1] 2 ( V )= ^(-^^M9.W-^(-")^M 2 9.(-) X2 

H 2 Y2 

i H l (-vfe l (v) 2 -H t (v^e i (-v) 2 U!i 
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Hence ^[1, -1, 1, -1] = ^[1, -1, 1, -1] + ^[1, -1, 1, -1] 2 , with 

^[l,-l,l,-l] fc (t;)= 1,-1,1, -l] fc (t;)(»|, fc = 0,2. 

By (]A3p . one obtains 

M(v ) Ol R =2£L,^[l-l,l-l]M(«D)ro 1 #-l l l,-l]a(-«o) < (A6) 
= 2 ELo(-l)V[l, -1, 1, -l] 2 Jt(«o)r 0l ^[l, -1, 1, -l] 2 fc(^o) t , 

where r Q1 = EigZjv r f,i+l r i+l,iK)( i l- 

For 02 (= the class of |1, 1, —1, —1)), 1, 1, —1, — l](v) = tf)(i,i+l,i+2,i+l, i)(v) is expressed 

by 

fliC-^fli+iC-vJfli^fli+i^v + e i (-u)e i+ i(-u)e i (*;)e i+ i(u)v , + 
^(-^Fi+^-^ifi+i^Gi^ll, 1, 1, -1) + IT i+1 (-t;)fl- i (w)£r t 4.i(w)e i (— u)| - 1, 1, 1, 1)+ 
Hi(-v)Hi(v)H i+1 (v)e i+1 (-v)\l, -1, 1, 1) + fli (— (-w) .Hi(t;)e* + i (v) 1 1, 1, -1, 1) + 

^(-^)e m (- w )e 4 ( w )e 4+1 ( v )|i, -1, -1, -i> + ff i+1 (-v)Gi(-*;)G^)G m (*;)| - 1, 1, -1, 
fli + i(u)ei(-u)e i+ i(-«)ei(«)| - 1, -1, 1, -i) + ^(^(-^Q^-^+iMi - 1, -1, -1, i)+ 

ffi(-^)^ + i(«)e i+ i(-v)G i (t;)|l, -1, 1, -1) + HiWHi+^-vW-v^i+iiv)] - 1, 1, -1, 1)+ 
F i (-T;)F i+1 (-^)G i ( U )e m (^)|l ! 1, -1, -1) + H w (-v)H w (v)ei(-v)ei(v)\ - 1, 1, 1, -1)+ 
Hi(y)H i + 1 (y)e i ( r v)en.i(-v)\ - 1, -1, 1, 1) + F i (-t;)Fi( ? ;)Gi +1 (- U )G m ^)|l, -1, -1, 1). 

In the basis in (jA4j), tp[i; 1, 1, —1, — 1] = Ylk=o V'b'i 1> 1; — 1; — l]fe where 

#;1,1,-1,-I]o(t0 = 
fliC-^fli+iC-wJfli^fli+i^v + G i (-^)Q i+ i(-^)Q i (^)Q i+ i(«)v' 

+ (fT i (-t;)ff i+ i(-«)H i+ i(«)ei(t;)+ff i+ i(-t;)fl < («)H i+ i(«)e i (-«) 



+fl i (-t;)fli(t;)fl- m (t;)e i+ i(-t;) + F 4 (-t;)F m (-tO#^)G m (tO ) f 



J ff i (- W )G m (-z;)e i ( V )e i+ i( U ) + i? i+ i(-^)G i (- W )G i (^)G i+ i(«) 

+fl i+1 (t;)e i (-«)ei + i(-«)e i (t;) + Hi(v)ei(-v)e i+1 (-v)e i+1 (v)) f + 



(A7) 



+ ^ i (-u)ff i+ i( u )e i+ i(-u)e i (w) + Hi(v)H i+1 (-v)ei(-v)e i+1 (v) \ ^ 

+ (lT < (-«)fr i+1 (-t;)e i (u)e i+ i(T;)+fli + i(-t;)fl i+ i(t;)e i (-u)ei(t;) 



+H i (t;)fli + i(i;)e i (-t;)e i+ i(-«) + £r i (-«)£r i (t;)e i+1 (-«)e i+ i(«) 
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#;l,l,-l,-l]l(«) = 
Hi(-v)H w (-v)H i+1 (v)ei(v) - iHi+ti-v^i^Hi+x^Qii-v) 

+(-i) 2 H i (-v)H i (v)H l+1 (v)e i+1 (-v) + (-ifH^H^i-v^i^Oi+^v^j f 

+(H i (-v)@ i+l (-v)@ i (v)e i+1 (v) - iH i+l (-v)ei(-v)ei(v)e i+ i(v) 
+(-i) 2 H i+1 (v)e i (-v)e i+1 (-v)e l (v) + (-i) 3 iT i (^)G i (-^)G i+1 (-u)G i+1 (^ £ 

+ (^H i (-v)H l+1 (-v)e i (v)Q l+1 (v) - iHi+^-v^i+^Qii-v^iiv)) 
+(-i) 2 H l (v)H i+1 (v)e i (-v)e i+1 (-v) + (-i) 3 H i (-v)H i (v)e i+1 (-v)Q i+1 (v?j ^, 

il>[i;l,l,-l,-l] 2 (v) = 
(Hi(-v)H i+1 (-v)H w (v)ei(v) - fli+i (- (w) e< (- w) 

+ J ff i (-^)F i ( U )iI i+1 ( U )e m (-^) - Hii-v^i+ti-v^^Qi+xiv)) f 

Fi(-«)e i+ i(- v )e i («)G m («) - H- m (-^)e i (-«)Gi(«)ei + i(«) 
+fli+i(«)ei(-«)ei+i(-u)e i («) - ^(^(-^G^-^Gi+i^Jf 
+rfl i (-«)ir i+ i(-t;)e i («)e ff i(i;) - # m (-^+iM©*(-^)©^) 

+H t (v)H i+1 (v)Q l (-v)Q l+1 (-v) - Hi^HiWQi+^-v^i+^v)) f 



Hii-v^i+^Oi+^-v^iiv) - H l (v)H i+1 (-v)Q l (-v)Q l+1 {v)'j ^, 

#;1,1,-1,-1] 3 (*;) = 
Hi(-v)H i+1 (-v)H i+1 (v)Qi(v) + HHi+^-v^iWHwWQii-v)) 

+i 2 (H i (-v)H i (v)H l+1 (v)e i+1 (-v)) + i 3 (#;(-<;)ff m (u)G i+ i (v))\ f 

+ rfli(-t;)e i+ i(-t;)e i (t;)ei + i(t;)+i(fl <+ i(-r;)e i (-t;)e i (t;)e i+ i(t;))+ 

i 2 (^ +1 («)e i (-«)e i+1 (- ? ;)ei( u )) + i 3 (^( w )e i (- w )e i+1 (- ? ;)G m ( w )^ f 

+ rFi(-«) J ff i+ i(-^)e i («)G i+ i(^)+i(if i+ i(-T;)Fi + i(T;)e i (-^e i ( U )))+ 
i 2 (F J ( U ) J ff i+1 ( ? ;)G i (-z;)G m (- V )) + i 3 (i?* (u)G i+ i(- V )G i+ i («))J f . 

Hence 1,-1, -1](^) =ELoV'[l, 1,-1, with 

^[l,l,-l,-l] fc (u)= ^ #; 1,1,-1, -1]*»(«|, 0<£;<3. 

By (HI, 

M( U0 ) O2 i? = 4£ 3 =0 V>[1, 1, "I, -l]fc(«o)r 02 ^[l, 1, -1, -IU-vqY 
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where r G2 = ^2 ie z N r i,i+l r i+l,i+2n+2,i+iri+i,i\i){i\- By flM} and (|A11|) . M(u )i? (= M(u ) 01 -R + 
-^(^0)02 -R) is expressed by 

2V>[1, -1, 1, -l] («o)r 0l ^[l, -1, 1, -l]oW' + #[1, 1, -1, -l]o(uo)r 02 ^[l, 1, -1, -l]o(«o)* 

-2V?[1, -1, 1, -l] 2 Mr 0l ^[l, -1, 1, -l] 2 («o)* + #[1, 1, -1, -lJaWrc^l, 1, -1, -M-vof 

+#[1, 1, -1, -l]i(w )r O2 V[l, 1, -1, -l]i(-«o)* + #[1, 1, -1, -l] 3 K)r 02 ^[l, 1, -1, -IU-vqY, 

(A12) 

which induces the V^-endomorphism M(vo)\y k R for < k < 3. The non-singular property of M(vq) 
will follow from the non-degeneracy of M(vo)\y k R for all k. For k = 1, 3, \4 is 3-dimensional with 
the basis in (|A4|) . by which the three A^-cyclic vectors to express ^[1, 1, —1, — l]fc(^o) m t|A8|) and 
(|A10p are linear independent for a generic vq; and the same for 1,— l]fc(— vq). Therefore 

M(vo)\y k is a non-singular automorphism of For = 0, by (|A5|) and (|A7|) . there are six 
A-cyclic vectors in each of tp[l, — 1, 1, — l]o(fo) and tp[l, 1, — 1, — l]o(^o) for a generic v$. Then by 
using different quadratic forms of C^, they form the Vo-automorphism M(vo)\y R. The non-zero 
determinant of M{vq)\y R is expected by direct computation for a given AT. Also for k = 2, one can 
argue the non-singular property of M(vo)\y 2 in a similar manner. For example in the case N = 3, 
using Hi(—v) = — and v) = 0_i_i(u), one can express (|A5|) , ()A7|) and (|A9P in terms 
of Hi(:= Hi(v)),@i(:= @i{v)) for % = 0,1,2, then obtains 

-1, 1, -i] («) = v ® (flgflf , a* a 2 a 2 ) + v' ® (egei, ef , egel) 
+f ® (a 2 © 2 + a 2 © 2 , 2if 2 e 2 , a 2 © 2 + a 2 © 2 ) 

-u (H H 2 Qo®2,HfelH H 2 e e 2 ); 
r/>[l, 1, -1, -1] («) = (F ^ 2 )v (A 2 , Hf,H H 2 ) + (© © 2 )v' ® (©?, 2 , G e 2 ) 

® (H.e^Qo + ^ e 2 ),ii'ie 1 (^ 2 eo + ^ e 2 ),^ 2 e 2 + a 2 © 2 ) 

V>[i, -1, 1, -i] 2 («) = f ® (F i/ 2 2 G + flgfr 2 e 2 , 2^61, tf tf 2 2 e + hIh 2 q 2 ) 
-f ® (# 2 ©o02 + flb©o©i, 2flief , #265:62 + # eo©i) 
+^ ® (a 2 © 2 - a 2 © 2 , -2# 2 © 2 , a 2 © 2 - a 2 © 2 ); 

^[1, 1, -1, -l] 2 (v) =^0 (HfH 2 @i + H Q Hl@ 2 - 2H H 1 H 2 O 1 , 

HqHiH 2 Q 2 + HqHiH 2 Qi — HfH 2 Qo — HoHfQ 2 , HqH 2 Qq — HqH^Qo) 

| (H efe2+g2eoef-2H 1 eoeie2)y 2 ^ 1 q\ 

+^ (H 1 H 2 e e 1 + Hfe e 2 + #oAi©i@2 + h q h 2 @1 
H 1 H 2 e e 1 + HfQ & 2 + #(,#16162 + H H 2 ej,4H H 2 e e 2 ) 

+ m. g> (-H 1 H 2 e e 1 + #o#i0i02, -#i#2@o@i + #o#i©i@2, -#o 2 + #2©o) 

Using ()A12p . one finds the non-singular M(uo)|v fc -R when uo is generic for = 0, 2. For a general 
JV, the zero-determinant of (|A12p would provide a complicated relation among theta functions 
Hj(u)'s and 0j(v)'s, which is unlikely to be true. Unfortunately we can not provide a rigorous 
mathematical argument about this statement. 
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